Abstract. Iwasawa made the fundamental discovery that there is a close connection between the ideal class groups of Z p -extensions of cyclotomic fields and the p-adic analogue of Riemann's zeta functions
In this paper, we show that there may also exist a parallel Iwasawa's theory corresponding to the p-adic analogue of Euler's deformation of zeta functions
n−1 n s .
Introduction
Throughout this paper we shall use the following notations.
C − the field of complex numbers. p − an odd rational prime number. According to Weil's history [38, p. 273-276] (also see a survey by Goss [7, Section 2] ), Euler used (1.2) to investigate (1.1). In particular, he conjectured ("proved") (1.4) φ(1 − s) φ(s) = − Γ(s)(2 s − 1)cos(πs/2) (2 s − 1)π s , this leads to the functional equation of ζ(s). For 0 < x ≤ 1, Re(s) > 1, in 1882, Hurwitz [9] defined the partial zeta functions
which generalized (1.1). As (1.1), this function can also be analytic continuous to a meromorphic function in the complex plane with a simple pole at s = 1.
For 0 < x ≤ 1, Re(s) > 0, Lerch [24] generalized (1.2) to define the socalled Lerch zeta functions. The following (we call it "Hurwitz-type Euler zeta function") is a special case of Lerch's definition
As (1.2), this function can be analytic continues to the complex plane without any pole. Now we go on our story in the p-adic complex plane C p . In 1964, Kubota and Lepoldt [12] first defined the p-adic analogue of (1.1). In fact, they defined the p-adic zeta functions by interpolating the special values of (1.1) at nonpositive integers.
In 1975, Katz [13, Section 1] defined the p-adic analogue of (1.2) by interpolating the special values of (1.2) at nonpositive integers.
In 1976, Washington [36] defined the p-adic analogue of (1.5) for x ∈ Q p \ Z p , so called Hurwizt-Washinton functions (see Lang [23, p. 391] ). This definition has been generalized to C p by Cohen in his book [1, Chapter 11] , and Tangedal-Young in [31] . Both Cohen, Tangedal-Young's definitions are based on the following p-adic representation of Bernoulli poynomials by the Volkenborn integral
where the Bernoulli polynomials are defined by the following generating function
and the Volkenborn integral of any uniformly differentiable function f on Z p is defined by
(see [26, p. 264] ). This integral was introduced by Volkenborn [34] and he also investigated many important properties of p-adic valued functions defined on the p-adic domain (see [34, 35] ). The Euler polynomials are defined by the following generating function (1.10) 2e
(see [29, 20] 
where the fermionic p-adic integral I −1 (f ) on Z p is defined by (1.12)
The above representation (1.11) and the fermionic p-adic integral (1.12) (in our natation, the µ −1 measure) were independently founded by Katz [13, p. 486 ] (in Katz's notation, the µ (2) -measure), Shiratani and Yamamoto [28] , Osipov [25] , Koblitz [14] , Lang [23] (in Lang's notation, the E 1,2 -measure), T. Kim [19] from very different viewpoints. It seems that there is no simple connection as (1.6) between the fermionic and Volkenborn p-adic integrals [4] .
Following Cohen [1, Chapter 11] and Tangedal-Young [31] , using the fermionic p-adic integral instead of the Volkenborn integral, we [21] defined ζ p,E (s, x), the p-adic analogue of (1.6), which interpolates (1.6) at nonpositive integers ([21, Theorem 3.8(2)]), so called the p-adic Hurwitztype Euler zeta functions. We also proved many fundamental results for the p-adic Hurwitz type Euler zeta functions, including the convergent Laurent series expansion, the distribution formula, the functional equation, the reflection formula, the derivative formula and the p-adic Raabe formula. Using these zeta function as building blocks, we have given a definition for the corresponding L-functions L p,E (χ, s), so called p-adic In a subsequent work [22] , using the fermionic p-adic integral, we defined the corresponding p-adic Diamond Log Gamma functions. We call them the p-adic Diamond-Euler Log Gamma functions. They share most properties of the original p-adic Diamond Log Gamma functions as stated in Lang's book (see [23, p. 395-396 , G p 1-5 and Theorem 4.5)]. Furthermore, using the p-adic Hurwitz-type Euler zeta functions, we found that the derivative of the p-adic Hurwitz-type Euler zeta functions ζ p,E (χ, s) at s = 0 may be represented by the p-adic Diamond-Euler Log Gamma functions. This led us to connect the p-adic Hurwitz-type Euler zeta functions to the (S, {2})-version of the abelian rank one Stark conjecture (see [22, Chapter 6] ).
It has been pointed out that some properties for the q-analogue of padic Euler zeta and L-functions have also been obtained by T. Kim (see [15, 17, 18] ).
The p-adic zeta (L-) functions become central themes in algebraic number theory after Iwasawa's work. In [10] , Iwasawa made the fundamental discovery that there is a close connection between his work on the ideal class groups of Z p -extensions of cyclotomic fields and the p-adic analogue of L-functions by Kubota-Leopoldt corresponding to (1.1).
Let Q(µ p n+1 ) denote the p n+1 -th cyclotomic field. In fact, Iwasawa [11] and Ferrero-Washington [5] proved the following results. Theorem 1.1 (See Lang [23, p. 260] ). Let h n be the class number of Q(µ p n+1 ). There exist constants λ and c such that
Let K be a number field, and choose a finite set S of places K containing all the archimedean places. Let T be a finite set of places of K disjoint from S. The (S, T )-class groups of global fields have been studied in detail by Rubin [27] , Tate [30] , Gross [8] , Darmon [3] , Vallieres [32, 33] (we shall recall some notations on the (S, T )-refined class groups of global fields in the next section). Let K = Q(µ p n+1 ) and K + = Q(µ p n+1 ) + be the p n+1 -th cyclotomic field and its maximal real subfield, respectively. Let S be the set of infinite places of K, T be set of the places above 2, h n,2 and h + n,2 be the (S, T )-refined class numbers of K and K + respectively (the definition will be given in the next section), and h
Using the p-adic analogue of L-functions corresponding to Euler's deformation of zeta functions (1.2), We shall prove the following result (comparing with Theorem 1.1). Theorem 1.2 ((S, {2})-Iwasawa theory). There exist constants m, λ and c such that
for all sufficient large n.
Our paper is organized as follows. In Section 2, we shall recall some notations and results on the (S, T )-refined class groups of global fields. In Section 3, from the Euler product decompositions of the (S, T )-Dedekind zeta functions, we shall express h − n,2 as the product of generalized Euler numbers. In section 4, we shall prove Theorem 1.2.
(S, T )-refined class number formula ([8, Section 1])
In this section, we shall some notations and results on the (S, T )-refined class groups of global fields following very closely the exposition of Gross in [8, Section 1] .
Let k be a global field, and let S be a finite set of places of k which is nonempty and contains all archimedean places. Let A denote the S-integers of k and let U S = A * be the groups of S-units. The class group Pic(A) S is finite of order h, and the unit group U is finitely generated of rank n = #S − 1. The torsion subgroup of U S is equal to the group of roots of unity µ in k; it is cyclic of order w.
Let Y be the free abelian group generated by the places v ∈ S and X = { a v · v : a v = 0} the subgroup of elements of degree zero in Y . The S-regulator R is defined as the absolute value of the determinant of the map (2.1)
taken with respect to Z-bases of the free abelian groups U S /µ S and X. The zeta-function of A is given by
in the half plane Re(s) > 1. It has a meromorphic continuation to the splane, with a simple pole at s = 1 and no other singularities. At s = 0 the Taylor expansion begins:
Let T be a finite set of places of k which is disjoint from S, and define
we shall call it the (S, T )-refined zeta function of k throughout this paper. Let U S,T denote the subgroup of units which are ≡ 1 (mod T ) and let Pic(A) S,T be the group of invertible A-modules together with a trivialization at T . We have an exact sequence
Let h S,T be the order of Pic(A) S,T (we call it the (S, T )-refined class number throughout this paper), R S,T be the determinant of λ with respect to basis of U S,T /µ S,T and X, and w S,T be the order of roots of unity µ S,T which are ≡ 1 (mod T ), we have the following (S, T )-refined class number formula due to Gross [8] (2.6)
Refined class number and the generalized Euler numbers
Let K = Q(µ p n+1 ) and K + = Q(µ p n+1 ) + be the p n+1 -th cyclotomic field and its maximal real subfield, respectively. Let S be the set of infinite places of K, T be set of the places above 2, h n,2 , h + n,2 , U n,2 , U + n,2 , µ n,2 , µ + n,2 , w n,2 , w + n,2 , R n,2 , R + n,2 denote all the quantities or objects of K and K + which are refined by T as in the above Section. Let ζ K,2 (s) be the (S, T )-zeta function of K (see (2.4)), and We have the following decomposition of (S, {2})-refined Dedekind zeta functions as the Euler L-functions (comparing with the last formula on [23, p. 75] ). Proposition 3.1.
where the product is taken over all the primitive characters induced by the characters of Gal(K/Q).
Proof. From the last formula on [23, p. 75], we have
By (2.4), we have
For any Dirichlet character χ of Gal(K/Q),
where the product is taken over all primes q such that (q, p) = 1 ([23, p. 76] ). By the following identity in [23, p. 76] :
we have (3.6)
Combine (3.4), (3.5) and (3.6), we have (3.7)
For the (S, {2})-refined zeta function of K + , we have the following decomposition. Proposition 3.2.
Now we express h 
From the (S, T )-refined class number formula (2.6) and (3.10), we have
By 
This implies our result.
Proof of the main result
Let χ be a Dirichlet character modulo p v for some v. We can extend the definition of χ to Z p as in [1, p. 281] , that is, if a n ∈ Z and a n is a sequence tending to a p-adically, we have v p (a n − a m ) ≥ v for n and m sufficiently large, so χ(a n ) is an ultimately constant sequence, and we set χ(a) = χ(a n ) for v p (a − a n ) ≥ v. χ is called a Dirichlet character on Z p .
As where ζ is a primitive p n th root of unity. From the above lemmas, we have the following results. Proposition 4.3. There exists a positive integer n 0 such that if n ≥ n 0 and Cond χ = p n , then
where ζ is a primitive p n th root of unity. 
